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Abstract 

We prove that the Nevalinna-Pick algorithm provides different 
homeomorphisms between certain topological spaces of measures, ana- 
lytic functions and sequences of complex numbers. This algorithm also 
yields a continued fraction expansion of every Schur function, whose 
approximants are identified. The approximants are quotients of ratio- 
nal functions which can be understood as the rational analogs of the 
Wall polynomials. The properties of these Wall rational functions and 
the corresponding approximants are studied. The above results permit 
us to obtain a Khrushchev's formula for orthogonal rational functions. 
An introduction to the convergence of the Wall approximants in the 
indeterminate case is also presented. 
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1 Introduction 



It is known that the Cayley transform provides a correspondence between 
Schur and Caratheodory functions. Besides, the integral representation of 
Caratheodory functions establishes a connection with finite positive Borel 
measures on the unit circle. On the other hand, the Schur algorithm asso- 
ciates with any Schur function the so called Schur parameters: a sequence 
in the open unit disk, the last point lying on the unit circle in the case of a 
terminating sequence. Indeed, the set of these complex sequences, the set of 
probability measures, the set of normalized Caratheodory functions and the 
set of Schur functions become homeomorphic under suitable topologies. 

The homeomorphism with the sequences of Schur parameters yields a bi- 
continuous parametrization of the Schur functions or, alternatively, of the 
probability measures on the unit circle. The study of such a parametrization 
is important, not only for the theory of analytic functions, but also for the 
theory of continued fractions because the Schur algorithm is equivalent to a 
continued fraction expansion of Schur functions (hence, to a continued frac- 
tion for Caratheodory functions too). On the other hand, the parametrization 
of measures on the unit circle becomes specially significant for the associated 
orthogonal polynomials, since the Schur parameters are the coefficients of the 
corresponding recurrence relation. The orthogonal polynomials on the unit 
circle also provide the numerators and denominators of the approximants for 
the continued fraction expansion of the related Caratheodory function. A 
similar role for the case of Schur functions is played by the so called Wall 
polynomials, closely related to the orthogonal polynomials too. 

Therefore, the above homeomorphisms permit us to connect problems 
concerning measures, orthogonal polynomials, continued fractions, analytic 
functions and complex sequences, so that one can translate results or choose 
the best context to work. A remarkable example of this is Krushchev's theory 
(see [13, 14]), which takes advantage of these connections to reach deep and 
impressive results on the referred matters. A key result in Khrushchev's 
theory is the so called Khrushchev's formula, obtained in [13] starting from 
the analysis of the Wall polynomials. This formula can be understood as the 
identification of the Schur functions of certain varying measures obtained by 
an orthogonal polynomial modification of the orthogonality measure. 

The Schur algorithm is a characterization of Schur functions based on 
an iteration which evaluates each iterate at the origin. The Nevalinna-Pick 
algorithm, related to the interpolation of Schur functions, generalizes this 
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procedure evaluating each iterate at a different point of the open unit disk. 
Like the Schur algorithm, the Nevalinna-Pick generalization associates with 
any Schur function a similar sequence of parameters, but depending now on 
the choice of the evaluation points. The Nevalinna-Pick algorithm is also re- 
lated to a rational generalization of the orthogonal polynomials on the unit 
circle: the orthogonal rational functions with prescribed poles outside the 
unit circle. It is known that these orthogonal rational functions are involved 
in alternative continued fraction expansions of Caratheodory functions. How- 
ever, the corresponding continued fractions associated with Schur functions 
are not discussed in the literature. The related approximants should have 
as numerators and denominators certain rational functions depending on the 
evaluation points, which we will call Wall rational functions. 

Finally we must comment a remakable new phenomenon of the Nevalinna- 
Pick algorithm which does not appear in the Schur one: when the evaluation 
points approach to the unit circle quickly enough, an indeterminate case 
can appear, i.e., different Schur functions can have the same Nevalinna-Pick 
parameters. This causes important difficulties in the study of the convergence 
of the corresponding continued fraction, which now can have different limit 
points. 

Once we have situated the context, we can understand the interest of our 
work, whose aims are: 

• The analysis of the homeomorphisms related to the Nevalinna-Pick 
algorithm (Section 2). 

• The study of the Wall rational functions and the corresponding contin- 
ued fraction approximants of Schur functions (Section 3). 

• The search for a Krushchev's formula for orthogonal rational functions 
(Section 4). 

• An introduction to the analysis of the limit points of continued fractions 
for Schur functions in the indeterminate case (Section 5). 

We will follow Khrushchev's approach to the polynomial case given in 
[13, 14]. As we will see, the approximants of a Schur function related to the 
Wall rational functions are the Schur functions corresponding to the approxi- 
mants of the continued fraction for the related Caratheodory function. Hence, 
bearing in mind the homeomorphism between Schur and Caratheodory func- 
tions, the convergence of the Schur continued fraction is equivalent to the 
convergence of the Caratheodory continued fraction. Indeed, we will show 
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that the convergence of both continued fractions can be understood as a con- 
sequence of the asymptotics of the Nevalinna-Pick parameters corresponding 
to the related approximants. These convergence results are limited by the 
validity of the homeomorphism for the Nevalinna-Pick parametrization of the 
Schur functions, which is ensured in the determinate case. 

The results about the Wall rational functions and the homeomorphisms 
related to the Nevalinna-Pick algorithm will be the main tools to prove a 
Khrushchev's formula for orthogonal rational functions. This will be the 
starting point of a "rational Khrushchev's theory" whose development will 
be given elsewhere. Nevertheless, a first application of Khrushchev's for- 
mula will appear in the study of the indeterminate case. The reason is that, 
contrary to the standard polynomial techniques, which usually can be ex- 
tended only to the determinate rational case, the rational generalization of 
Khrushchev's formula always holds, providing an important tool for the study 
of the indeterminate case. Nevertheless, our approach to the indeterminate 
case will be only introductory, trying simply to show the variety of situations 
that can appear in the convergence of the related continued fractions. A more 
complete study of the indeterminate case deserves further investigations. 

2 Nevalinna-Pick homeomorphisms 

The results that we will prove here hold, not only for Schur functions on the 
unit disk D = {zeC:|;z|<l}, but also for Schur functions on the upper half 
plane U = {z G C : Kez > 0}, as can be seen using the Cayley transform. 
We will use a unified notation to present simultaneously the results in both 
situations, and when we want to distinguish between them we will write a 
left brace with the D case in the first line and the U case in the second one. 
For instance, in what follows we will use the notation 





where S is the closure in C = C U {00} of a subset S C C. 
Consider the transformations („, a G O, given by 
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where we understand that z a — 1 for the particular value a = a with 



a 



0, 
i. 



( a is a homeomorphism of C which maps O, dO and O e onto D, T and C \ B 
respectively. 

A useful identity for ( a is 

a7 Q (rj w a {z) 

Besides, if we define the substar operation on complex functions by 

'l/z, 



f*(z) = f(z), z 
then 



Ca* — Co; — 1/Ca- (2) 

The sets that will be involved in the homeomorphisms are 

*P = set of finite Borel measures on <90, = {dfj, G ^3 : /io = / d/i — 1}, 
ff = {FG W(O) : ReF(z) > \/z G O}, £ a = {F G £ : F(a) = 1}, 
8 = {/ G W(O) : |/(*)| <lfe GO}, 

' D if n < iV 



@=<^7=(7n)^ :A r e{0,l,...,oo},7nG 



T if // .V < x 



where ct G O and TL{S) is the set of analytic functions on the subset S C C. 
We will consider the topologies 

set topology notation 

23 *-weak convergence dfi k A d/i 

£, 23 uniform convergence in compact subsets of O f h =4 / 

© pointwise convergence 7 fc — > 7 
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The elements of 23 and (£ are called Schur and Caratheodory functions re- 
spectively or, in short, S-functions and C-functions. We will assume that any 
Schur or Caratheodory function / is extended to dO by 

/W = <f linVTl/M / , a.e.* G aO, 
I lim e j ReF(z + ie), 

since it is known that such limits exits a.e. on dO. 

The set of limit points of a sequence (x k ) in a topological space will be 
denoted Limx fc . We will use for the pointwise convergence in the space of 
complex sequences the same notation as in the case of &. Concerning the 
convergence of an arbitrary sequence (f h ) of complex functions, the notation 

f k =4 / in S 

means that f k converges uniformly to / in compact subsets of S C C. 

For convenience, when using ao as a subindex we will usually identify it 
with 0, thus <£ = £ ao , Co — C* > e ^ c - I n particular, 



z — i 



Co(*) f 

z + i' 

that is, Co is the identity in D or the Cayley transform in U. 



2.1 Measures, C-functions and S-functions 

Concerning the relation between measures and C-functions, it is known that 
€ is homeomorphic to 23 x R through 

23 x R ► £ 

(dfj,, c) — > F(z; dji) + ic 

t±z (3) 

t-z' 



F(z; dn) = J D(t, z) dfi(t), D(t, z) - ^ + 



CoW-CoW Uitte 



t-z 



In other words, 23 is homeomorphic to the set of C-functions with the form 
F(z;df/,), which are exactly the C-functions real valued at the origin since 
F(0;dfj) = jiQ. We have also the induced homeomorphism 

C : 23 >£ (4) 

djj, — > F(z; djj) 
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If n' is the derivative of d/i with respect to the Lebesgue measure, it is known 
that 

ReF(z; dpi) = p:'(z) a.e. z e dO. (5) 
Some identities for D(t,z) will be useful later. Let us start defining 

D R (t, z) = X -{D{t, z) + D*(t, z)), Dj(t, z) = i(£>(i, z) - D*(t, z)), 

where the substar operation on D(-, •) is taken always on the first argument. 
Then, D R (t,z) = ReD(t,z) and D/(t, z) = lmD(t,z) for t E dO. Using 
properties (1) and (2) for ( we find that 



and 



D(t,z)-D(t,a) = 2 



£>,(t, z) = -D(t,z) 

zu (t)zu*(t) w* a (z) 



(6) 



zu (a ) zu* z (t) w*(t) ' 

Taking the substar operation with respect to t on (6) and changing z by z 
we get 

za (t)za^(t) w a (z) 



which gives 



In particular, 



D(t,z)+D*(t,a) = 2 
D R (t,z) 



zu (a ) zu*(t) zu a (t) ' 
w z (z) Wo(t)wl(t) 



w (a ) w z (t) w* z (t)' 



(7) 
(8) 



D R (t,z) = ReD(t,z) 



zu (a ) 



w (t) 



w z (t) 



l-\*\* 

Imz (1+i 2 ) 
\t-z\ 2 ' 



(9) 



While the homeomorphism (4) is the relevant one for the polynomial 
setting, its generalization to € a for any a G O will be important for the 
rational case. To understand this generalization notice that 



d/j, 



<*/*(•) 
D R (-,a) 
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is a homeomorphism since D R (t, a) is positive and continuous for all t G dO. 
Composing it with (3) shows that 

<PxE > £ 

is a homeomorphism too. It is straightforward to see that this homemomor- 
phism induces the following one 

C a : <Po >£ a (10) 

d/x -> F a (^; d/x) 

where F a (z; d/x) is defined for any d/x 6 ?p and any a £ O by 

F a (z;dfi) = F[z-^^j +ic a {dn), c a (dfi) = - f gdfgj. dfi(t). 

We will say that F a (z; d/i) is the a-C-function of d/i. F a (a; djj) = /xo, thus, 
a C-function has the form F a (z; d/i) for some d/i G ^3 iff it is real at a, and 
the set of these C-functions is homeomorphic to 

A stronger convergence property than the one given by the homeomor- 
phism (10) holds. To prove it we will use an explicit relation between 
F a (z;dn) and F(z;d/i). Although such a relation was obtained in [7, Lem- 
mas 6.2.2 and 6.2.3], we present here a more concise proof which, at the same 
time, unifies the discussion for measures on the unit circle and the real line. 

Proposition 2.1. For any d\i G ^3 and any a G O, 

F(z; djj) = D R (z, a) F a (z; dfx) - i^D^z, a). 

Proof. From (6) and (7) we find that 

D(t, z) - iD^t, a) = \(D(t, z) - D(t, a)) + \{D(t, z) - D*(t, a)) = 

TJ7 (t) C75(t) ( w* a (z) w a (z) 



zu (a ) zu*(t) \w*(t) w a (t) 
which combined with (8) gives 

D(t, z) . £>/(£, a) _ w a (t) w* a (z) + w* a (t) w a (z) 



D R (t,a) D R (t,a) w a (a)(t-z) 
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The above function, as well as D(t, z), are antisymmetric under the exchange 
of t and z. Hence, 



D(t,z) .Di(t,a) D(t,z) .D z (z,a) 
D R (t,a) D R (t,a) D R (z,a) D R (z,aY 

which, integrated with respect to dfi(t), finally yields the result. □ 

The above relation permits us to obtain a convergence property for se- 
quences of C-functions normalized at different points. Notice that, as a con- 
sequence of the maximum modulus principle, if F k , F G Ti(0) and F k =4 F 
in Q\K, K a compact subset of O, then F k =4 F in O. If, besides, F k G € ak 
with a fc G © such that a k — > a G O, then F G € a , so we can suppose 
in this situation that F k (z) = F ak (z;dfi k ) and F(z) = F a (z;dfj) for some 
probability measures d/j, k , dfj,. 

Theorem 2.2. Let &e a sequence in © and a sequence in // 

afe — > a G ©, then 

F ak (z; dfi k ) =4 F a (z; cfyt) d^. 

Proof. It suffices to prove F ak [z\ dji k ) =4 d//) <i/i fc ) =4 d/x). 

If F ak (z;dfi k ) =4 F a (z;dfi), then //§ = F ak (a k ; dfi k ) -> // = F a (a; d/j,) . 
From this result, Proposition 2.1, and the fact that D R (-,a k ) =4 D R (-,a), 
!)/(•, CK fc ) =4 !)/(•, cc) in O \ {a}, we conclude that F(z;dfi k ) =4 F(z;d/j,) 
in © \ {«}, so it holds in © too. A similar reasoning proves the opposite 
implication, bearing in mind that l/D R (-,a k ) =4 l/D R (-,a) in ©\{a }- d 

As for the connection with Schur functions, the relations 

f _ 1^-1 p_ 1 + Ca/ 

J 1-Ca/' 

define a one to one mapping between C-functions F G <£ a and S-functions 
/ G *B. Moreover, for any ct G ©, the bijection 

B a : (11) 
is also a homeomorphism, as the following more general property shows. 
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Theorem 2.3. Let (ak), be two sequences compactly included in O, 

F k G <C ak , G k G £p k and f k = B ak (F k ), g k = B h (G k ). If a k -(3 k ^0, then 

F k -G k ^0 f k - g k =4 0. 

Proof. The result follows easily from the identities 



f k -9 k = ^~ 



Tpk r~ik 



G k = 2 



(F fc + l)(G k + 1) 

(C afc -C&)/ fc + C&(/ fc -^) 



(i-C a J fe )(i-C^ fc ) ' 

which give in O the inequalities 



(i-|C«J)(i-ICjJ) ' 

When (ak), (Pk) are compactly included in O and ak — (3k —> 0, the above 
inequalities prove that f k — g k =4 implies F k — G k =4 0, while F fc — G fe =4 
implies / fc — g fc =4 in O \ Limafc, thus in O because Lima^ is a compact 
subset of O. □ 

Given d\i G tyo, the S-function f a (z;d/i) = B a (F a (z; dfx)) , will be called 
the a-S-function of dji. The relation between F a (z; dji) and F(z; dji) provides 
an explicit expression of the a-S-function f a (z; dji) of dji in terms of its a - 
S-function f(z; djj) = f ao (z; dji). 

Proposition 2.4. Let dji G an d « G O. Denoting f(z) = f(z;dji) and 
fa(z) = f a (z; dji), 



f Co(«) /-Co(«) , _ |Co(a)| fa - |Co(a) 



|Co(«)|l-Co(«)/' Co(«) l-|Co(a)|/«' 

Proof. From Proposition 2.1 we find that 

, 1 (l-C a .) + (l + C„.)Co/ 

Besides, a direct calculation using the properties of Co gives 
I Co (a) I C 



1 + lsuv 71 sa ' 1-L> Q |Co(a)|' 1-D a Co(a)' 
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From the first two identities we obtain 

f _ \C Q (am + Da) + \Co(a)\- 1 (l- Da) Cof 
U (1 + D a ) + (1 - D a ) Co/ 

and, then, the last of the three identities yields the result. □ 

In what follows, we will refer to F(z; d/i) and f(z; d/i) as the C-function 
and S-function of d/i respectively. 

Proposition 2.4 can be combined with Theorem 2.3 to give the following 
general equivalences. 

Theorem 2.5. Let (aik)> (Pk) be two sequences compactly included in O and 
(dfi h ), (du k ) two sequences in <J3o- If a k — (3k — ¥ 0, then 

F ak (z;dpL k )-Fp k (z;dv k )=[0 f ak (z; dpi k ) - f Pk (z; dv k ) =4 ^ 

-<=^ dfi k - dv k -A 0. 

Proof. Suppose that (/3k) are compactly included in O and ak — /3k — * 0. 
Then, Theorem 2.3 ensures the first equivalence. With the help of Proposi- 
tion 2.4 we find that f ak (z; d/i k )—f/3 k (z; dv k ) =4 iff /(z; dfi k )—f(z; dv k ) =4 0. 
Applying again Theorem 2.3 we conclude that f(z; dfi k ) — f(z; dv k ) =4 iff 
F(z; dfx k ) —F(z; dv k ) =4 0. This last condition is equivalent to dfx k ' — dv k — > 
because F(z; dfi k ) - F(z; dv k ) = F(z; dfi k - dv k ). □ 

Example 2.6. Let us define for any a G O the measure 

dm a (t) = -^Vt — = '" aP ^ V 1 e 

w a (t)w* a (t)2iti [J^f, 

In particular, dm = dm ao is the Lebesgue measure in T or its Cayley 
transform in R, i.e., 




d m (t) = <j z ™' t e dO. 

7r(l+t 2 ) > 

Therefore, dm) = 1, so f(z; dm) = and, from Proposition 2.4, 
/ a (z; dm = Co(a) , F a (z;dm) = - 

1 - ICoWl (a(z) 
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In the general case, from (8) we get dm a (t) = D R (t,a) dm(t), thus we 
have the equality 



. drn a (-) 



F(z; dm) 



D H {;a) 

which gives 

Jdm a = ReF (*; ^) = 1, c a (dm a ) = -1m F (z; = 0. 

Hence, dm a G ^Po an d 

dm a ) = 1, / Q (z; dm Q ) = 0. 
Besides, Proposition 2.4 implies that 



f(z; dm a ) = Co(a), ^(^5 dm c 



1 - Co(tt) Ca(^) 



This shows that the homeomorphism BqCq between *Po and 23 establishes a 
one to one correspondence between the set of measures {dm a : a G O} and 
the set of constant functions with values in D. 

The rest of constant S-functions are the constant unimodular ones, which 
the homeomorphism BqCq puts in one to one correspondence with the set 
{S T (t) = 5(t — r) dt : r G dO} of Dirac measures, since 



l + Co(r)CoO?) 



n*; *r) = - fH, , /(*; *r) = Co(r) 

1 - Co(t)Co(^) 



The fact that /(z; rfm a ) = (o(a) =4 /(z; 5 r ) = Co( r ) implies (fm a 5 T . ■ 

The previous results deal only with the case of sequences ct = (a n ) com- 
pactly included in O. If a is in O but not compactly included there, a 

subsequence (a nj )j must exist such that Lim, a Uj C dO, i.e., | Co ( 0^)1 1- 
Concerning this situation we have the following strong convergence result. 

Theorem 2.7. If ' (cxk) is a sequence in O such that Lima*, C dO, and (d[i k ) 
is a sequence in ty , 

1 ^ Lim f ak (z; dfx k ) dfi h — dm ak -A 0, Lim<i/i fc = {5 T : r G Lima*;}. 
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Proof. The relation between g k (z) = f ak (z; dfi k ) and f k (z) = f(z; dfi k ) given 
by Proposition 2.4 can be written as 

(i - /) (f - ^) + (f + J^l) = 0. 

V CoK)/ \Co{a k )\ V CoK) / 
The condition Limafc C <90 is equivalent to | Co(c^fc) | — > 1, so 

(l-g k ) (>-CoK)) =4 0. 

The fact that 1 ^ Limg fc forces / fe — Co(«fe) =4 0, which, in view of Example 
2.6, means that f(z;dfi k ) — f(z;dm ak ) =$ 0. Then, the results follow from 
Theorem 2.5 and the last comment of Example 2.6. □ 



2.2 The Nevalinna-Pick algorithm and the orthogonal 
rational functions 

The Nevalinna-Pick algorithm comes from the fact that the transformation 

1 /-/(a) 



/ 



Ca 1 - f(a)f 



maps the interior 03° = {/ G W(O) : < 1 Vz G O} of 05 on 03 for any 

a G O. Given a sequence ck = (a n ) in O, this algorithm associates with any 
/ G 03 a finite or infinite sequence (/„) in 03 defined by 

fo = f, 

r 1 /n — 7n ^ / \ /■ > ^ n (12) 

/n+1 = 7 " 7n = /n(ttn+l), Cn = Qa n , U > 0, 

Cn+1 1 - 7nin 

so that the sequence terminates at fx iff /at G 03 \ 03°, which holds iff / 
is, up to a unimodular factor, a finite Blaschke product C/3iC/32 ' ' ' Cpn w hh 
ft 6 O for all k. We will say that (/ n ) are the a-iterates of / and 7 = (7^) 
the a-parameters of /. Notice that (/„, f n+ i, . . . ) and (7„, 7„+i, . . . ) are the 
iterates and parameters of f n associated with the sequence (a n+i , a n+2 , . . .). 
From the relation between f n and f n+ \ we easily obtain 

(1 - 7n/n)(l + 7nCn+l/n+l) = 1 ~ l7n| 2 , (13) 

an identity which will be useful later. 
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The maximum modulus principle implies that 23\23° is the set of constant 
unimodular functions. Therefore, 7 G 6. Indeed, the map 



r„= ? 



6 
7 



(14) 



is continuous for any sequence ct in O, as follows from the following theorem, 
which states a stronger result. 

Theorem 2.8. Let (ct k ) be a sequence of sequences in O, ct a sequence in 
O, (f k ) a sequence in 23, and / e 23. T/ien, 



ct 



a, f k =4 / 



7 fe - 7, /* =4 /„ Vn, 



where 7 fc and are £/ie ct k -parameters and ct k -iterates of f k , while 7 

and (f n ) are the ct-parameters and ct-iterates of f , respectively. 

Proof. Let 7 = ("fn)n=o- We must prove that, for each n < N, f k , 7^ exist 

k k 

for big enough k and f k =4 / n , 7^ — ► 7n- Let us proceed by induction. 

First, /q = / fc exists for any /c and /^ / = / from the hypothesis. Now, 

k 

given n < N, suppose that f k exist for big enough k and =4 f n - Then, 

7n = /n( a n+i) exists for the same values of k and 7^ 7 n = fnfan+i)- If 
n = N, there is nothing more to prove. Otherwise, f n G 25°, thus f k e 25° for 

big enough because /* =4 / n - In consequence, exists for such values 
of k. Moreover, denoting ( k = ( a k, 



fk 

Jn+1 



b n+l 



f _ fk fk 

Jn+1 — ^n+lJn+1 

(Cn+1 ~~ Cn+l)/n+l + 

, (/* - fn) + (in ~ 



I >fc > )"'"/■ (Cn+l/n+1 Cn+1 /n+1 ) — 

\S,n+l Sra+1/ Sn+l 



) "I" (7n 1n)fnfn + Inlnfn IrTfnf', 



thus, 



I /n+1 ~~ /n+1 1 < 



c 



n+1 1 



(l-7„/„ fe )(l-7n/n) 



ICn fc -Cn| + 



2|/„ fc - 


/n 




7n| 


(1- 


7n 






7*1) 



proving that f k +1 =4 /„+i in O \ hence, in 



□ 



14 



Summarizing, given a G O and an arbitrary sequence at. = (a n ) in O, we 
have the following chain 

<Po C ® © 

the first two maps being homeomorphisms and the last one being continuous. 
For the choice a = c*o, the above diagram can be closed to a commutative 
one. This result is a consequence of the relation between ^-functions and 
orthogonal rational functions. 

Given a measure d\x G ^Po an d a sequence en = (a n ) in O, we can consider 
the orthonormalization in L 2 (dfi) of the Blaschke products (B n ) given by 

B = 1 

B n = ClC2 • • -Cn, W > 1. 

The result are the so called orthogonal rational functions (<& n ) associated 
with rf/i and a. Under a suitable normalization, they satisfy the recurrence 
relation (see [7, Theorem 4.1.3]) 



$0 



*,-J =e "— U iJl J- - • (15) 



*; = B„*„„ A„ € D, e„ = ^fc^.-iLp - 

where, for convenience, when a n is a subindex it is denoted by n. In what 
follows, when referring to orthogonal rational functions we will suppose that 
they are normalized so that (15) holds. For our purposes, a more appropriate 
form of the above recurrence is in terms of the functions & n = and the 
parameters A n = — z n+ iA n+1 , i.e., 



Notice that X n G D is given by A n = — z n+ i& n+ i («„)/$* +i( Q; n) and 



/ ^n[0L n ) 1 
en=^/ -, Z- ,T jj. (17) 
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When djj, has an infinite support, there exists an infinite sequence of 
orthogonal rational functions which generates an infinite sequence (A n ) in D. 
If, on the contrary, dfi is supported on a finite number N + 1 of points, only 
the first N+l orthogonal rational functions $o, • • • , &n exist because L 2 (dfi) 
is iV+ 1-dimensional. Nevertheless, there exists §n+i € span{£? , • • • , -Bjv+i} 
and orthogonal to <3>o, • • • , although it has L 2 (rf/i)-norm equal to zero. 
$at + i satisfies a relation like (15) with some coefficient ejy + i 7^ and Ajv G T. 
In consequence, given a sequence ct in O, we can associate with any measure 
d\x a sequence A = (A n ) G 6, which terminates iff d/i is finitely supported, 
the number of points in the support being equal to the length of A. A will 
be called the a-parameters of dfi. As follows from [7, Theorem 8.1.4], this 
establishes a surjective map 

S a :<p ^e (18) 
d/i — > A 

which is certainly bijective when B n =4 0. When B n does not diverge to 0, 
different probability measures can have the same en-parameters. 

Simultaneously, we can consider the S-function of dfi and the correspond- 
ing a-parameters 7. The key result is that A = 7, a fact which is an 
immediate consequence of [7, Corollary 6.5.2] (to fit with the notation there 
we must point out a misprint in formulas (6.27), (6.29) and (6.31), where z n 
must be interchanged with z n ; then, A n = L n+ i and f n = — F n ). This re- 
sult is the rational generalization of Geronimus' theorem for the orthogonal 
polynomials on the unit circle (see [9, 10, 11]). Therefore, for any sequence 
et = (a n ) in O, we have the commutative diagram 



Co 



6 < 03 

with Co, £>o homeomorphisms and T a , S a continuous and surjective. S a and 
T a are bijective when 

{YYl — \a n \) = 00, 
t\ (19) 

which means that not all the sequence ot can approach to <90 very quickly. 
If, on the contrary, B n does not diverge to 0, different S-functions can have 
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the same a-parameters 7, and this occurs iff 7 does not determine a unique 
probability measure. When this happens, we will say that we are in the 
indeterminate case. 

When B n =4 0, S a and T a are homeomorphisms, as can be deduced from 
Theorem 2.8 and the following important result. 

Theorem 2.9. Let (ct k ) be a sequence of sequences in O, ex. a sequence in 
O with associated Blaschke products (B n ), (f k ) a sequence in 23 and f G 23. 
lj jk are ^ g a k .p arame t ers f f k an d *y are the a-parameters of f , the 
condition B n =4 ensures that 

ct k -> a, 7 fc -> 7 =^ / fc =4 /. 

~ i ~ 

Proof. Let / G Lim/ , i.e., / J =4 / for some subsequence (f Then, 

f G 23 and we can consider its a-parameters 7. From Theorem 2.8, 7 3 — > 7, 
thus 7 = 7. Hence, B n =4 ensures that f — f. □ 

In Theorems 2.8 and 2.9, if 7 = (7fc)£L , iV < 00, then the convergence 
condition a k — > ex can be reduced to A a n for n < iV + 1. 

Example 2.10. From example 2.6, f(z;dm a ) = Co(a) for each a G O and 
f(z; 5 T ) = Co( r ) fc» r any r £ dO. So, no matter the sequence a. in O, 

5 a (rfm a ) = (CoR, 0, 0, . . . ), <S a (5 T ) = (CoM). 

Consider a sequence (cx fc ) of sequences all in the same compact subset of O, 
and a sequence (dfi k ) in £} - If l k — (ln)n — Sa k (dfi k ), then 

Lim dfj, k C {dm a : a G O} =>■ limsup |7q| < 1, 7* A Vra > 1, 
Limd// C {5 T : r G dO} =>- \^\ -> 1. 

Besides, the above relations are "iff' when the Blaschke product related to 
a diverges to 0. We will only prove the first right implication since the rest 
of them follow analogous arguments. 

Let us assume that Lim dfi k C {dm a : a G O} and let 7 = (7 n ) G Lim7 fc . 

Then, 7 fcj A 7 for some subsequence (7 fcj )j- Without loss of generality we 

can suppose d/jL kj A dm a , a G O, if necessary restricting the subsequence. 

j 

By a similar reason, we can assume that OL k] A ct with a a sequence in the 
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same compact subset of O than all the ex fc . From Theorems 2.5 and 2.8 we 
find that *y hj -4 S a (dm a ), thus 7 = Co( a ) e ® an d 7n = for n > 1. Hence, 
7* for n > 1, and limsup |7q| < 1 because Lim7g is a compact subset 
of D. ■ 

We finish this section showing that the relation between the a-S-function 
and the S-function of a measure leads to a connection between their ex- 
iterates and, thus, between their ex-parameters. This connection is a simple 
consequence of the following general results. 

Lemma 2.11. Let ex. be a sequence in O, /, / G 03 and denote by (/„), (f n ) 
and (7«), (%) the related at-iterates and cx-parameters respectively. 

1- f = A/, A G T =>- /„ = A/ n , 7„ = A7„, n > 0. 

r ( f — f°~ w n/ = ~fo-w 

J~ W ... ^ m, > J J0 l-u?/o' W l-«J7o' 



l-wf " "' \f = IzZZn f ~ = IzIHq ~ n >\ 



Proof. The first item is trivial. For the second one, in view of the first result, 
it suffices to prove it for n — 1, which is just a matter of computation. □ 

As a direct consequence of the previous result and Proposition 2.4 we 
find that the sequences of ex-iterates and ex-parameters of S-functions and 
a-S-functions are proportional up to the first element of the sequence. 

Proposition 2.12. Let a G O and consider the S-function f and the a-S- 

function f a of a measure d\x G Vfio- If, f or some sequence ex in O, (f n ), (fa,n) 
and (771), (7a,n) are the cx-iterates and cx-parameters of f, f a respectively, 

, = Co(q) /o-Co(Qi) = Co(q) 7q-Co(«) 

|Co(a)|l-Co(a)/o' 7a '° |Co(«)|l-Co(«)7o' 

f Co(q) 1 - Cofoho , Co (oQ 1 ~ Co(a)7o 

/Q ' n " ICo(«)|l-Co(«)7o Jn ' 7a ' n " Ko(«)|l-Co(«)7o 7ri ' 

3 Wall rational functions 



n > 1. 



Consider a sequence ex = (a n ) in O and a S-function / with ex-parameters 
7 = (7n)- The inverse relation between the ex-iterates (/„) of / can be 
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written as / n _i = M(a n , 7„-i)/ n , where 

M(a, 7)/ = T^z^T = 7 + ii^M^. (20) 

The identity / = M(a 1 ,^ )M(a 2 , 71) • • • M(a n , 7„_i)/ n shows that 
(l-| 7 o| 2 )Ci 1 (l-|7i| 2 )C 2 



/ = 7o + 



7oCi +7i+ 71C2 + 

1 (l-| 7 n-l| 2 Kn 1 



(21) 



+ 7n-l+ 7n-lCn +/n" 

This provides a formal expansion of / as an a-dependent continued fraction 

(l-|70| 2 )Cl 1 (l-|7l| 2 R 2 1 (l-|7n-l| 2 )Cn 



/ ~ 7o + 



7 Cl +7l+ 7lC2 + + 7n-l + 7n-lCn + 



which will be called the a-continued fraction of /. Its 2n — 2 and 2n — 1 
approximants will be denoted and respectively, i.e., 

r - To, r - 7o + =-7 > / = To + 



7oCi 7oCi +7i 

/-=7o+ n -'^" 



?(2)_.. , (i-ItoI 2 )Ci 1 (i-|ti| 2 )C 2 



T0C1 +Ti+ T1C2 

Notice that susbstituting f n or l// n by in (21) yields respectively or 
instead of /. When / has a finite sequence 7 = (7ri)^ =0 of a-parameters, the 
related continued fraction is finite too because 7jv E T. In such a case, only 
the approximants f( 1 \...,f( N+1 ^ and f^\...,f^ exist, and / = f( N+1 "> 
because the formal expansion as a continued fraction becomes an equality 
since f N = 7^. 

M(a, 7) transforms rational functions into rational functions, thus /( n ) 
and are both rational functions. Moreover, if a E O and 7 G D, M(a, 7) 
maps 23 on 23°. Therefore, E 03° for all n, except for the case N = 
where — f E 03 \ 03°. Two principal questions arise: What can we say 
about the expression and properties of and /(")? Do they converge to 
/? The first question will lead to the rational analogue of the Wall polyno- 
mials. As for the convergence of f^ n \ an immediate answer emerges from the 
Nevalinna-Pick homeomorphisms. 
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Theorem 3.1. Let a be a sequence in O with related Blaschke products 
(B n ), f G 23 and the 2n — 2 approximant of the associated ot-continued 
fraction. If ~f = ( 7 n)^=o are ^ e parameters of f , the ct-parameters of 
are <yW — (j 0; _ _ _ ; 7„_i, 0, 0, ... ) /or n < N + 1. WTien iV = oo ; the limit 
points of (f^) are S-functions with ct-parameters 7. In particular, 

B n ^0 ==> f n) ^f. 

Proof. If a G O and 7 G D, g = M(a, 7 )/i G 23° and satisfies g(a) = 7 
for any h G 03. Therefore, if n < N + 1, 70, . . . , 7 n -i G D and the relation 
/(«) = M(ai,7o)M(a 2 ,7i)...M(a n , 7n _i)0 shows that 7o = / (n) («i) and 
M(ai, 7o )~ 1 / (n) = M(a 2 ,7i)---M(a n ,7 n _i)0 is the first a-iterate of /W. 
By induction, the first n ct-parameters of f^ are 7o , . . . , 7 „_i and the n-th 
a-iterate of f^ is 0. Hence, the rest of the a-parameters of f^ are null. 
If TV = 00, then 7^ — > 7. Thus, the continuity of T a implies that the limit 
points of (f^) must be ^-functions with a-parameters 7. The condition 
B n =4 ensures that 7^, is a homeomorphism, hence /( n ) /. □ 

Notice that the sequence of a-parameters of f^ whenever a = 

(cti, . . . , a n , ctn+i, «„+2, • • • ), no matter the choice of <x,- G O for j > n. 

To analyze the nature of the approximants f^ and f^ we start writing 
the relation / n _i = M(a n , 7ri _i)/„ between the a-iterates of / in the way 

fn-l\ j_( Cn ln-l\ ( fn 

1 ) V7„-iC 1 ; v 1 

where the symbol = means equality up to a non vanishing scalar factor. 
Therefore, 

f\ = ( Cl 7()\ / C2 7A f Cn+1 7n\ / fn+l 

V Wl V VJ1C2 i;'"' \7nCn+l 1 A 1 
It is evident that 

f) = ( Cn+lSn Rn\ ( fn+l 
}-) \(n+\Rn S n J \ 1 

R n , S n , R n , S n being linear combinations of the first n + 1 Blaschke products 
B , Bi, . . . , B n related to a, with coefficients depending only on the param- 
eters 70, . . . , 7n - Hence, 

j Rn—l ~\~ S n —\ C, n fn (22) 

Sn-1 + Rn-1 Cnfn 
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which is a compact way of writing (21). As we mentioned before, substituting 
f n+ i or l// n+ i by in (21), i.e. in (22), we get respectively or instead 
of /. Thus, 

j{n) _ Rn-l j(n) _ S n -1 

S n -l Rn-l 

Besides, R n and S n can be expressed in terms of R n and S n . From the 
equality 

(n+lS n Rn \ _ I Cn^n-l Rn-l\ ( Cn+1 Ir, 
Cn+lRn S n J \C n R n -i S n -iJ \.7 n Cn+l 1 



we obtain 

S n Rn\ _ I Sn-l Rn—l \ I Cn InCr 
K Rn Sn J \Rn-l S n -i ) \7» 

which, together with the initial condition 

S Ro\ = (l To 
Ro S J \% 1 



(23) 



(24) 



permits us to prove by induction that R n = R n = B n R nif and S n — S* — 
B n S n *. In consequence, 

, _ Rn-l + Sn-l (nfn „( n ) _ R n -1 _ S n -1 /Qr\ 

J Q I D* /■ f 1 J Q ' D* ' V / 

"n-l t -fl-n-l Snjn >~>n-l ^n-l 

where R n and S n are recursively defined by 

^0 = 70, | Rn = Rn-l + TnCn^n-l, ^ , 

< n > 1. (26) 

5*0 — 1, [^n — Sn-1 + ln(nR n -l, 

We will call (i? n ) and the Wall rational functions associated with / 
and a. The number of Wall rational functions coincides with the number of 
a-parameters of /. The recurrence for R* n and S* 

Rq = TO, \R*n = CnR* n -l +ln S n-l, ^ . 

Sq — 1, I S* = Cn'S'n-l + Tn^-l, 
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shows that S* is a monic element of span{£? , • • • , B n }, i.e., the coefficient of 
B n in the expansion of S* as a linear combination of Bq, . . . , B n is 1. We can 
also get from (23) the inverse recurrence 



X-l = (l-| 7 n| 2 )- 1 (^n-7n^), 

S n ^ = {l-\ ln \ 2 )'\S n - ln R* n ), 



1 < n < N. 



The expression of the approximants and in terms of the Wall 
rational functions implies that = l/f* n \ Thus, we obtain the following 
result for the convergence of as a direct consequence of Theorem 3.1. 

Theorem 3.2. Let a be a sequence in O with related Blaschke products 
(B n ), f G 03 and the 2n — 1 approximant of the associated ct-continued 
fraction. If f has an infinite sequence of ct-parameters , 

B n =4 =S> =4 1//* in O 6 \ {z G O 6 : /(z) = 0}. 

The above result has a natural interpretation in view of the integral rep- 
resentation of any S-function /. Let dfi be the probability measure such 
that f(z) = f(z;d/j). The expression for the corresponding C-function 
F(z) = F(z; dji) defines an analytic function, not only for z G O, but also 
for z G O e . This permits us to extend the definition of / to the points of 
O e throughout / = ^frpf- It is direct to see that F = — F„, thus / = 1//*. 
This means that the extended / is analytic at z G O e iff / has not a zero 
at z G O. With such an extended /, Theorems 3.1 and 3.2 can be com- 
bined to saying that, when B n =4 0, then f^ =4 / in O, while =4 / in 
{z G O e : / is analytic at z}. 

We can state some general properties of the Wall rational functions. 

Proposition 3.3. Let a. be a sequence in O with Blaschke products (B n ), 
(R n )n=o, (S n )n=o the Wall rational functions associated with f G 03, (f n )n=o 
the corresponding at-iterates and ( r y n )n=o ^ e elated ct-parameters. Let us 
denote T n = IlLo( 1 _ l7fc| 2 )- 



1. S n (z) S n (w) - R* n (z) R* n (w) = 

= (i-| 7 „| 2 )(^_ 1 (. ; )^^-c„WCnHK_ 1 W K-iH)- 

2. \S n \ 2 — \Rn\ 2 > T n in O, the inequality being an equality in dO. Fur- 
thermore, T^ 1 (|S' n | 2 — |-Rj!j| 2 ) is a non- decreasing sequence in O. 
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<0 Q Q* D P* T R 

j. o n o n — n n n n — L n n n . 



4- S n does not vanish in O and has no zeros in common with R n , neither 
with Rl . 



5- f 1 ,^,^ G ». Moreover, 
o n o n o n 

-Rat r R*n - r », . 
Oat Oat 







p* 


"Sri 




5n 



< 1 in O if n < N and 



6- f~^ = 



T 

J- T 



7. 



Sn 



S n S% 1 + Cn+l/n+1 

< (i + |c„+i|)|s n+1 |. 



5. 



5 n + i?*Cn+l/n+l — rifc^ol 1 + 7fcCfc+l/fe+l), 

i? n + Sfti+l/n+l = (70 + Cl/l) nLl(l + 7*C*+l/fc+l)- 

S n f — Rn — B n+ if n+ i rife=o( 1 ~~ Ikfk), 

s* n -R n f=B n n n k=0 (i-%fk). 



Proof. Property 1 is a direct consequence of (26) and (27). Evaluating it 



R, 



* 12 



1 



y„| 2 )(|^_i| 2 - iCnHK-rl 2 ). Thus, 



for w = z gives \S n \ 
\S n \ 2 - \R* n \ 2 > (1 - |7n| 2 )(|^n-i| 2 - K-iH in ®, wi th an equality in dO. 
This proves 2 since \S \ 2 — \Rq\ 2 = 1 — |7 | 2 . 

Taking determinants in (23) and (24) we get SqSq — RqRq = 1 



7o 



and 



go* p p* 

^n^n ^n^n 



> \R*n\ 

> in 



in 



Cn(l - |7n| 2 )(5'n-i5' r t_i - R n -iR n -i) , which proves 3. The 
last equality follows also from Property 1 for w — z. 

Property 2 implies that, for n < N, \S n \ 2 > T n > and \S, 
O. Besides, if AT < oo, using (26) we get \S N \ > |-SV-i| - \R* N _ 
Hence, S n does not vanish in O for any n. Then, Property 3 shows that S n 
has no common zeros with R n R^ because B n only vanishes at eti, . . . , a n G O. 

Since S n does not vanish in O, R n j S n , R* n / S n and T n /S 2 are analytic in 
a neighbourhood of O. From 2, \T n /S 2 \ < 1 and \R* n /S n \ < 1 for n < N 
in O, while (26) and (27) give R* N /S N = ^f N e T when N < oo. Also, we 
know that R n /S n = f^ G <B° if n < N and R N /S N = f( N+ V = / G 03 for 
N <oo. Moreover, \R n /S n \ = \R* n /S n \ < 1 in dO for n < N. 
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Property 6 is obtained using (25) to express / — and simplifying 

the result with Property 3. 

To prove 7, write 6 in the way 

R n T TO B n+ if n+1 / fi* , , 

° n n 1 | t—H. (~ ,f , V 

1 Wl/n+lJ 



2 

and 



Then, use 2 and 5 to get \T n /S 2 n \ < 1 - \R*JS n \ 2 < 1 - §Cn+i/„+i 

l-f*Cn+l/n+l| < l + |Cn+l| m O. 

From (12), (26), (27) and the help of (13) we arrive at the identities 

S n + R*aCn+lfn+l = (1 +7 n Cn+l/n+l) (S n -1 + Rn-l(nfn) a n d R n + S*( n+ if n+1 = 

(l+ 7 y n ^ n+ if n+ i)(R n -i + S*_ 1 ^ n f n ). This, together with the initial conditions 
given in (26) and (27), proves 8 by induction. 

Using Properties 3 and 8 in (25), and taking into account identity (13), 
we get 9. □ 

Property 7 of the above proposition measures the rate of the convergence 
R n / S n =4 / when B n =4 0. In the polynomial situation it yields \ f—R n / S n \ < 
(1 + |z|)|z| n+1 , which improves the usual bounds given in the literature for 
this case. 

The recurrence for the Wall rational functions permits us to identify cer- 
tain iterates of the S-function R* n / S n . 

Proposition 3.4. Let (Rn), (S n ) be the Wall rational functions associated 
with a sequence a = (a n ) in O and an S-function f with cx-parameters 
1 = (7n)- If ol — (a n , a n -i, . . . , cki, oto, «o, &o, ■ ■ ■), then the ct-iterates and 
a-parameters of R*J S n are respectively 

(R n / S n , Rn-l/ 5 n _i, . . . , R / S , 0, 0, . . . ) , (j n , 7 n _ 1; 0, 0, ...) . 

Proof. It is simply a consequence of the identity 

R*n _ CnR n -ll S n -l + 7n ^g) 
S n 1 + lnC,nR n -ll Sn-l 

which is obtained directly from (26) and (27). □ 
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Proposition 3.4 also works with a = (a n , a n -i, . . . , a±, a n +i, a n+2 , ■ ■ ■), 
where ctj are arbitrary points of O for j > n. As an immediate consequence 
of the previous results and Theorems 2.8, 2.9, we have that, for any sequences 
(X k , a. in O and any S-functions f k , f, 

pfc ^ p pfc* p* 

where (R k ) n , (<S^) n are the Wall rational functions associated with f k , ct k 
and (R n ), (S n ) are the Wall rational functions associated with /, a. Indeed, 
a stronger result can be obtained. 

Proposition 3.5. Let a k be a sequence of sequences in Q, ex. a sequence 
in O, (f k ) a sequence in 23 and f e 05. // (-R^)n, (^)n « r e £/ie WaZZ 
rational functions associated with f k , ct k and (Rn), (S n ) are the Wall rational 
functions associated with f , ct, then, for all n, 

{k k 
pfc — -, p pfc* — \ p* 
fc fc mC\ {ai,..., a n }. 

ofc — i c ofc* — v c* 

°n — > °n, J n °n) 

Proof. In view of Theorem 2.8, ct k — > a and / fe =4 / imply 7 fe — > 7, where 
7 fe are the a fc -parameters of <i/i fe and 7 are the a-parameters of d/x. Then, 

the proof follows by induction using (26), (27) and taking into account that 

k 

(a* =* C*„ in C \ {«„}. □ 

Given a sequence a in O, the Wall rational functions (R n ), (S n ) associated 
with an S-function / are related to the orthogonal rational functions (<&„) 
corresponding to the measure dji such that f(z) = f(z;dfj,). The relation 
also involves the so called second kind rational functions (^ n ), defined by 

*<>(*) = 1, 

* n (z) = f D(t, z)($ n (t) - $ n (z)) d/i(t), n > 1. 

(^ n ) are orthogonal rational functions associated with the same sequence ex., 
but with respect to a measure with a-parameters opposed to those ones of 
d/j, (see [7, Theorems 4.2.4 and 6.2.5]). Therefore, (\& n , satisfy the same 

recurrence (15) as (<&„,<&*), but with a different initial condition. 
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Proposition 3.6. Let a be a sequence in O, (R n )n=o> (^n)n=o the Wall 
rational functions related to f G 23 and {& n )n=o> (^n)n=o ^e orthogonal and 
second kind rational functions for the measure dfi e ^Po such that f(z) = 
f(z; dfi). Denoting n n = (T n -izu (ao) /m^an)) 1 / 2 , we have for n < N + 1, 

'Rn-l = - K)> I S n-l = f^(K + K)> 



Proof. Let us denote l> n = z n $ n , = z n ^/ n and 

W„ = " „ n , F K ' " ' ' 



-R n s n ~ n 

With this notation, the recurrences for the Wall rational functions and the 
orthogonal and second kind rational functions read as 

W = T W 1 F = e Wn ~ l T iF 1 
with T n and e n given in (16) and (17) respectively. Hence, 



W n = T n --.T 1 W = T n ..-T 1 T 



Co 
1 



So, 



1„ = —^T n _ 1 ...T 1 T F = T n ...T 1 T ( 1 1 _^ 



F n = ^W„_/ C ° Co 



1 -l y 

which gives the desired relations. □ 

The above result allows us to identify the measure and C-function corre- 
sponding to the S-function = i? n _ 1 /S' n _i. The measures dm a , a £ O, 
given in Example 2.6 play an important role in such an identification. 
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Proposition 3.7. Let a. be a sequence in O, (& n )n=o> {^n)n=o ^he orthogonal 
and second kind rational functions of d\x G ^Po; {Rn)n=o> {^n)n=o ^ e Wall ra- 
tional functions related to f(z; d/j.) and 7 = (7 n )^ =0 its ot-parameters. Then, 
for n < N + 1, we have the correspondences 



-> — £ ► 



Wi-l 



|$n| 2 



(7o,...,7„_i,0,0, ...) 



Proof. From Theorem 3.1 we know that (70, . . . , 7 n -i, 0, 0, ... ) are the a- 
parameters of f^ = R n -\/ S n -\. Besides, Theorem 3.6 gives 

1 + (oRn-l/Sn-! 



which shows that #*/<!>* is a C-function and R n -i/S n -i = i3 (\l/*/$*). Fi- 
nally, the fact that <im Qn /|$ n | 2 is a probability measure with C-function 
was proven in [7, Theorem 4.2.6]. □ 

Given a sequence a. in O and a measure <i/i G ^3o with orthogonal rational 
functions ($ n ), we will denote 

V n) = 4^% (29) 



- n I 



so that, according to the previous notation, if / is the S-function of d/i, 
7 = (7n) its a-parameters and (& n ) the second kind rational functions, 

Hz; d^) = /(,; d^) = f^44 = f {n) ^ 

S a {d^) = (70, • • • , 7n-i, 0, 0, . . . ) = 7 (n) . 

Notice that, if a = (a±, . . . , a n , a n+ i, a n+2 , ■ ■ ■ ) with aj arbitrary points 
of O for j > n, then S^idfJ,^) = 7 <n - ) too. Using recurrence (15) we 
see that the orthogonal rational functions associated with dfi^ and ex. are 
($0; • • • j &n+i, $71+2, • • • ) where, using the tilde to refer to the the ele- 
ments related to ct, 
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Remember that R n / S n and S*/ R n are respectively the 2n and 2n + 1 
approximants of the a-continued fraction for f(z) = f(z; dfi). In [7, Section 
4.4] it is shown that, analogously, \&*/<I>* and — \l/ n /$ n are respectively the 
2n and 2n+ 1 approximants of an ex-dependent continued fraction expansion 
of F(z; dfi) given by 

l _2 -1_ (l-|7o| 2 )Co 1 (l-|7i| 2 )Ci 
l + 7oCo+ 7o +7iCi+ 7i + 

1 (l-|7n| 2 )Cn 
+ ln(n+ In + 

so that the even and odd approximants converge to F(z; dfi) in O and O 6 
respectively when the Blaschke product related to ex. diverges to 0. Under 
this condition we also have dfi^ — > dfi. 



4 Rational Khrushchev's formula 

The preceding results allow us to obtain a rational analogue of Khrushchev's 
formula for the orthogonal polynomials on the unit circle (see [13, Theorems 
2 and 3]). We will state first a weak version of it. In what follows, the 
cn-iterates of dfi means the a-iterates of f(z; dfi). 

Theorem 4.1. Let a = (a n ) be a sequence in O, dfi G ^Po ari <d ($ n ) the 
related orthogonal rational functions. If b n = and (f n ) are the 

a-iterates of dfi, then 

fi (t) = -p; u ^ - /jAI2 , a.e. t G o<U). 



D R (t,a n )^ KJ \l-Ut)Ut)fn(t)\ 
Proof. From (5) we find that 

(25) and Property 2 of Proposition 3.3 yield 

1 " \f\ 2 = T B -i |<? l ~}J/ Cf ^ a - e - on d °- 

\°n-l T n n _i^ n J n \ 
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Using again (25), together with the relations of Proposition 3.6, we obtain 



1 - Co/ = k„ 



Cnfn 



hence 



|l-Co/| =T n _ r 



zu (a ) 


zu n 


2 1$ 

I Y n 


2 ll - C b f I 2 

I- 1 - Sn"nJn| 


w n (a n ) 


zu 




1 + Rn-lCnfn 2 



a.e. on 



Combining the previous equalities and taking into account (9) we get the 
result. □ 



Notice that the equality of Theorem 4.1 is trivial when d\i is finitely 
supported because then f n is a finite Blaschke product. 

The functions b n = <£>„/<£>* are finite Blaschke products because the 
zeros of $ n lie on O. Concerning their iterates, we have the following result. 

Proposition 4.2. Let b n = ~z n Q n /<&* n , where (<£>„) are the orthogonal rational 
functions associated with a sequence a = (a n ) in O and a measure d/i G ^Po 
with at-parameters 7 = (7 n ). If a — (a n -i, a„_2, . . . , a\, a>o, cto, ctQ, . . . ), 
then, the ot-iterates and a-parameters of b n are respectively 

(b n , 6„_i, ...,b ), (-7n-U _ 7n-2» • • • , !)■ 

Proof. It follows immediately from the identity 

Cn-l&n-l — 7n-l 

On = 1 7 7 

1 - 7n-lCn-l0n-l 

obtained from recurrence (15). □ 

The above result also holds if a = a„_2, • • • , «o, Qfo+i, <5ri+2, • • • ), 

where ctj are arbitrary points of O for j > n. Following Khrushchev's ter- 
minology, we will call (b n ) the sequence of inverse a-iterates of f(z;d/i) or, 
equivalently, of dfx. From the above proposition and Theorems 2.8, 2.9, we 
easily get a convergence property for the inverse a fc -iterates of d/j, k when 
a k — > ol and d/i k — > d\i. Moreover, using the relations of Proposition 3.6, we 
obtain from Proposition 3.5 a similar convergence property for the orthogonal 
rational functions of dji k . We summarize all these results. 
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Proposition 4.3. Let (a fe ) be a sequence of sequences in O, a — (a n ) a 
sequence in O, (dfi k ) a sequence in *p an d d\x G 03o- If (&n)> (bn) are 
the orthogonal rational functions and inverse iterates associated with dfi k , 
a h , and (<& n )> (b n ) are the orthogonal rational functions and inverse iterates 
associated with d/i, ol, then, for all n, 



ot k — > a, dfi k A d\i 



k 

.<t>*i<t> n , inC\ {&!,..., a n }. 



Now we can prove the strong version of Khrushchev's formula for the 
orthogonal rational functions. 

Theorem 4.4 (First form of the rational Khruschev's formula). Let a = 

(a n ) be a sequence in O, dfi G an d (3> n ) the related orthogonal rational 
functions. If (f n ) and (b n ) are respectively the a-iterates and inverse a- 
iterates of d\i, then 

fa n (z] |$n| 2 rf/i) = b n (z)f n (z). 

Proof. Let us suppose first that d/i(t) = ji'{t) dt, that is, d/i is absolutely 
continuous. Taking into account that B an C an is a bijection between tyo and 
03, the fact that b n f n G 03 ensures that b n (z)f n (z) = f an (z;da n ) for some 
da n G ^Po- In other words, 

l+Cn(*)&n(*)/n(*) _ „ ( , * 
1 - Cn(*) K(z)fn(z) t ^ a ° n) - 



From (5), 

On the other hand, Theorem 4.1 gives for a.e. t G dO 



ReF an (t; da n ) = ^ a.e. t G dO. 

D R (t,a n ) 



Rp f i + Ut)b n (t)f n (t) \_ i-|/„(t)| 2 _ |^(t)| 2 

\l-Ut)bn(t)fn(t)J \l-Ut)bn(t)fn(tW D R (t,a n )^ [) - 

In consequence, |$ n | 2 /i' = a' n a.e on dO. Bearing in mind that da n and 
dfi are probability measures, the equality J a' n (t)dt = J \& n (t)\ 2 fi'(t) dt = 
J \§ n (t)\ 2 dfi(t) = 1 shows that do~ n is absolutely continuous and, thus, do~ n = 
|$ n | 2 rf/x. Hence, we conclude that b n (z)f n (z) = f an (z] \Q n \ 2 dfi). 
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Consider now an arbitrary measure dfj, G tyo, but supported on an infinite 
subset of dO. The elements that appear in the rational Khrushchev's formula 
only depend on the measure dfj and the parameters ol\, . . . , a n , but they are 
independent of the rest of parameters (Xj, j > n. Therefore, we can suppose 
without loss of generality that B k =4 0. The absolutely continuous measures 
dfj^ = dm ak /\$k\ 2 have the same n-th orthogonal rational function as dfj 
for k > n, so 

b n (z)f T [ k \z) = f an (z; |<t> n | V fc) ), k > n, (30) 

where (/n^)n are the a- iterates of dffi\ We know that dfi^ d\x and 
/( fc ) =t / where /(*), / are the S-functions of dfj( k \ dfj respectively. Hence, 

fn^ =4 f n f° r all n due to Theorem 2.8. Taking the limit k — > oo in (30), 
bearing in mind the continuity of £> an Co, n , we get Khruschev's formula for 
dfj. 

Finally, suppose that d\x G tyo is finitely supported. We can obtain d\x as 
a *-weak limit of measures dfi k G ^3o supported on an infinite subset of dO, 
for instance, dfi k = dfj, + dm. Denoting with the superscript k the 
elements corresponding to the measure dfi k and the sequence ex, we have 

%(z)fi(z) = f an (z;\&J 2 dfr (31) 
From the continuity of BqCq, Theorem 2.8 and Proposition 4.3 we find that 

* A; k k 

dfi k -»• d/i implies that =t $ n in C \ {«!, . . . , &„}, =4 and /* =4 /„. 

fc 

Hence, Khrushchev's formula for c?/x is obtained from (31) when k — > oo. □ 

It could seem surprising that, in the case of a measure with a singular part, 
the validity of Khruschev's formula for any sequence ex is obtained supposing 
that the related Blaschke product diverges to 0. Indeed, it is possible to 
accommodate the proof of the theorem to a general sequence ex. We simply 
consider for any fixed n the new sequence ex = (a 1? . . . , a n , cxq, a^, a^, . . . ), 
so that the related Blaschke product diverges to 0. Denoting with a tilde 
the elements related to dfj and ex, we have that <3> n = $ n and /„ = f n . 
The absolutely continuous measures djl^ = drria k /\^k\ 2 *-weak converge to 
dfi, their n-th orthogonal rational functions with respect ex coincide with $ n 

- k „ 

for k > n, and their n-th a-iterates f k satisfy f k =4 f n — fn- So, we get 
Khrushchev's formula through a limiting process similar to the one given in 
the proof of the theorem. 
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Proposition 2.4 provides an equivalent version of the strong Khrushchev's 
formula. 



Corollary 4.5 (Second form of the rational Khruschev's formula). With the 
notation of Theorem 4-4> 

f(z-\$ \ 2 dfi) =" b n(z)fn(z) ~ |Co(a„)| 



Co(«n) 1 - |Co(ttn)| b n (z)f n (z)' 

5 The indeterminate case 

Proposition 3.7 shows that, in the indeterminate case, to find the limit points 
of the sequence of approximants (R n /S n ) of an S-function f(z) = f(z; dji) is 
equivalent to find the limit points of the sequence of approximants (\I/*/ < l ) *) 
of the C-function F(z) = F(z; dfi) or, alternatively, to find the limit points 
of the sequence of measures (dfi^). Due to its complexity, the convergence 
problem of the en-continued fraction of / in the indeterminate case will not be 
completely addressed in this paper, but we will provide some partial results 
to understand the special features of this problem, which does not appear in 
the polynomial setting. This discussion will also serve to show an example of 
application of Khruschev's formula, whose validity for any sequence en makes 
of it a invaluable tool for studying the indeterminate case. 
Let 

mU 7 ) = {dfi G % : S a (dfji) = 7}, cx G O, 7 e 6. 

The determinate case refers to the situation where 9Jt a (7) has only one 
measure, otherwise we are in the indeterminate case. The indeterminate case 
can happen only if 7 is infinite, so, the measures of Wl a ("y) are necessarily 
infinitely supported in such a situation. Given a sequence o: in O, and 
bearing in mind the equality 7„ = — z n+ iA n , recurrence (15) establishes a 
bijective relation between infinite sequences 7 in D and infinite sequences 
of orthogonal rational functions. Hence, the indeterminate case corresponds 
to an infinite sequence of orthogonal rational functions shared by different 
measures or, in other words, to an indeterminate rational moment problem: 
different measures d\i G ^Po giving the same values of f B n d\i for all n G N. 

The indeterminate rational moment problem was studied in [4, 5, 6, 7, 8], 
following the analysis given in [3] for the polynomial situation on the real 
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line. In [5] and [7, Chapter 10] it was proved that, given a = (a n ) and 

7 = (7n), 

A(z) = {F(z; dpi) : dp: E 3Jl a ( 7 )}, z E O = O \ K}£° =0 , 

is always a disk or a point, depending whether we are in the indeterminate 
case or not. If (<& n ), (& n ) are the orthogonal and second kind rational func- 
tions associated with ex and 7 throughout a recurrence like (15), then A(z) 
is a limit of nested disks 

A n (z) = {sEC: \%(z) - sK(z)\ < |*„(z) + s$ n (z)\} : (32) 

which have centers c n (z) and radius r n (z) given by 

l-Bn-ll 



^n^n ~ *n^n 

<E>* 2 — \$r, 2 



\\b*<b 

I n 


4- vD d>* 1 

n ~ " n 1 




<f>* 


2 _ 




2 



(33) 



where w(z) = w z {z) and (-B n ) are the Blaschke products related to ex.. 

Equivalently, making the substitution s — ► ^°[^ in (32) and using 
Proposition 3.6, we find that 

A(z) = {f(z; dpi) : dpi E Wl a (-/)}, z E O , 

is always a disk or a point, depending whether we are in the indeterminate 
case or not, and A(z) is a limit of nested disks 

A n {z) = {sEC: \R n (z) - sS n (z)\ < \S* n (z) - sR* n (z)\}, (34) 

with centers c n (z) and radius f n (z) given by 

)* I I D I 

(35) 



Rn^n 


q* p* 


go* p p* 




B n 




\S n 


2 _ 


R* 


2 ' n 




2 _ 


R* 


2 




2 _ 




i?* 

-"-n 


2 ) 



where (R n ), (S n ) are the Wall rational functions related to the sequences a. 
and 7 by recurrences (26) and (27). 

The determinate case corresponds to the situation where A, or equiva- 
lently A, is a point in Oo- In view of the expressions for r n and f n , this 
occurs iff B n or J2 n |$„| 2 diverge in O (to and 00 respectively), that is, iff 
B n or T~ 1 (|S' ri | 2 — |i? n | 2 ) diverge in O (to and 00 respectively). Therefore, 
the results of the previous sections that hold under the divergence of B n , also 
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hold under the divergence of £ n |$ n | 2 , or equivalently T n 1 (|S'„| 2 — |-R*| 2 ). 
For instance, these conditions ensure the convergence of (R n /S n ), /<!>*) 
and (d^W). 

On the contrary, in the indeterminate case, A and A are disks in Oo- In 
this situation B n necessarily converges, thus ( n — > 1 and Limo; n C dO. 
As for the approximants of the continued fractions, we only know that 
Lim (z)) C A(z) and Lim (R n {z) / S n {z)) C A(z) for any z G O . 

However, as we will see, we can say something more about the limit points 
of (\l/*/<I>*) and (R n / S n ) depending on the indeterminate moment problem 
at hand. Concerning the possibility of being in the indeterminate case for a 
given sequence 7 G &, we have the following result. 

Lemma 5.1. For any infinite sequence 7 G 6 there exist infinitely many 
sequences a in O such that !9Jt a (7) has more than one measure. 



Proof. Let 7 G © be infinite. We will find sequences a. in 
and £ J*, 12 



such that B„ 



converge m O. There, the inequality 

w n (a n ) l + |7„_i| zu 



1$ 



* |2 



< 



^7 



'ra— \\Pt-n— 1, 

obtained from (15), proves that 

* |2 



1 - |7n 



n— 1 



|$* . I 2 
™n-ll ) 



Taking into account that 

|^n(^)| > 



G7 



2 / x n-1 
G7„. a 



ZU (a ) 




k=0 



z G 



1 + 


17*1 


1 - 


N 



(36) 



(36) shows that the convergence of £ ra |^n| 2 is a consequence of the conver- 
gence of ™™(an) Y\™ } ! + ! 7fc ! . This last condition also implies the COnVer- 
ft A^n ro («o) ii fc=0 l-|7fc| ^ 

gence of £ w ^fej > which, bearing in mind (19), gives the convergence of 

B n too. Therefore, it suffices to choose a such that V* ^sfa^ Tit n ! + ! 7fc 
converges to ensure that ot and 7 correspond to the indeterminate case. □ 

The fact that we are in the indeterminate case does not necessarily imply 
that (Rn/Sn) is non convergent. For instance, R n = and S n — 1 if 7„ = 
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for all n. In such a case R n / S n =4 0. However, T r) ; 1 (|S'„| 2 — |-R*| 2 ) = 1 is 
always convergent, thus we are in the indeterminate case whenever B n con- 
verges. Nevertheless, this is not the general situation. The following example 
shows that (R n / S n ) can be actually non convergent in the indeterminate case. 
Notice that, from (35), 

Sn n ~ T-i(|5 B |=»-|i2*|2)5 B ' [6<) 
thus, in the indeterminate case, (R n / S n ) converges iff (R n /S n ) does so. 
Example 5.2. Let z ^^f^ +00 ^ be fixed. We will choose 7„ G (—1,1) and 

a n ef f -1 '^ so that zGO and d„ = R*j{z)/S n (z) = R* n (z)/S n (z) defines a 

^i(0, 1) 

sequence in (—1,1) given by 

, , Cn(^)^n-l+7n . 

«o = 7o; a™ = — > / x , , " > 1, 

1 + 7nCn(^) «n-l 

according to (28). Consider e n G (0, 1) such that Y2n £ n < 00 • Fix 7o £ (0, 1) 
while, for each n > 1, define a n ei ^r 1 '? by 

' — ' n \i(0,l) J 

CT n (a n ) ^ yj 1 - |7fej 
w (a ) "jjl^ 1 + l7fc| ' 

and choose 7„ G (—1,1) such that 

max{-( n (z) d n _i, 70} < 7„ < 1 if n is even, 
-1 < 7„ < min{-C„(2;) d n _i, -70} if n is odd. 

With this choice d n > for even n and d n < for odd n. Besides, 
S n roo(au) Ilfc=o l-j^j = S« £ ™ converges, thus we are in the indeterminate 
follows from the proof of Lemma 5.1. If (d n ) converges, necessarily 
d n — > 0. In such a case, 7„ = (1 + 7nCn(z) — Cn(^) ^n-i should con- 

verge to too, but this is impossible because |7„| > 70 > 0. In consequence, 
(R n (z) / S n (z)) does not converge, which means that {R n {z) / S n {z)) is non 

convergent because we are in the indeterminate case. ■ 
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An interesting question is whether the limit points of (^*/ $*) are in the 
interior A or the frontier dA of A, which is equivalent to a similar question 
concerning (R n /S n ) and the interior A and frontier dA of A. The reason 
is that the measures djj, E 971q,(7) have special features depending whether 
F(z; dfx) lies on A°(z) or dA(z) (a fact which is independent of z E O , see 
[5] and [7, Chapter 10]). For example, the condition F(z;dfi) E dA(z) for 
z E Oo, which defines the so called N-extremal measures, characterizes the 
measures dfi E 9Jl a { , y) such that ($„) is a basis of L 2 (dfj,) (see [6] and [7, 
Chapter 10]). Moreover, if the limit points of ex do not cover T, the map 

2K a ( 7 ) - A ( z ) 
djj, — > F(z; dji) 

transforms only one measure into each point of dA, while it transforms in- 
finitely many measures into each point of A (this is a consequence of the 
results in [8]; notice that this property does not appear correctly written in 
[7, Corollary 10.3.2]). 

The modified approximant (^* — r\l/ n )/($* +r$ n ) describes dA n when r 
runs over T. Hence, given an arbitrary sequence (r n ) in T, the limit points of 
(\l/* — r n \I> n )/($* + r n $ n ) lie on dA, i.e., they are C-functions of N-extremal 
measures, and any C-function of a N-extremal measure can be obtained as 
a limit of this kind of modified approximants (see [5] and [7, Chapter 10]). 
Using the relation between orthogonal rational functions and Wall rational 
functions we see that analogous results hold for the modified approximants 
(R n — r n S*)/(S n — T n R* n ) and the S-functions of N-extremal measures. The 
aim of the next propositions is to know if something similar happens to the 
limit points of (\1/* /<£>*) and (R n /S n ). This is equivalent to analyze the N- 
extremality of the limit points of the sequence of measures (dfj,^). 

Our first result concerning the limit points of (R n / S n ) states that they 
lie on A when 7 converges to zero quickly enough. In what follows, we will 
assume that we are in the indeterminate case. 

Proposition 5.3. IfJ2\ln\ < 00, the limit points of (R n (z) / S n (z)) lie on 
A°(z) for any z E O . 

Proof. Using (35) and (37) we find that 

Rn 



17* 



3 n 
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In consequence, in the indeterminate case, the limit points of (R n (z) / S n (z)) 
lie on A°(z) for any z G Oo iff Lim (R^/S n ) has no constant unimodular 
functions. This is also equivalent to ^ Lim (Y n /S%), as follows from the 
identity 



r n = 



\S n \ 2 1 — \R-nl Sn\ 2 



obtained from (35). 

From (26) and Proposition 3.3.5 we find that, in 

n 

|^«| < 11(1 + 
fc=l 

thus 

T " >(l-ho\ 2 )f[\ 



2 



k=l 



1 - 


17*1 


1 + 


17*1 



Hence, ^ Lim(T n /S'^) if fin iqq^j does not diverge to 0, i.e, if J2 n 
converges. □ 

The above result does not hold in the general the following propo- 

sition shows. 

Proposition 5.4. //lim sup \~f n \ = l,at least one limit point of (R n (z) / S n (z)) 
lies on dA(z) for z e O . 

Proof. Equivalently, we will prove a similar statement for (\E r *(z)/4>*(2:)). 
From (33) we find that 



n 



\b n \r n . (38) 



Therefore, in the indeterminate case, the limit points of (^>* n (z) / lie 
on A°(z) for z G Oo iff Lim6 n has no unimodular constant functions. 
Using (13) and Proposition 4.2 we get 

(1 + 7 n 6 n+ i)(l - -JnCnbn) = 1 - |7n| 2 - 

So, if limsup|7 n | = 1, then liminf(l — |fe n+1 ])(l — \b n \) = 0, which gives 
lim sup \b n \ = 1. Hence, Um(^* n (z)/$* n (z)) A°(z) for z G O . □ 

The next proposition gives a similar result to the previous one, but with 
a condition for the sequence at instead of 7. Remember that in the indeter- 
minate case Lima:„ C dO. 
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Proposition 5.5. If a has a limit point outside of supp(d/i) 7 at least one 
limit point of (R n (z) / S n (z)) lies ondA(z) forz G Oo- Furthermore, if all the 
limit points of a are outside ofsupp(dfi), all the limit points of (R n (z) / S n (z)) 
lie on dA(z) for z e O . 

Proof. Applying Theorem 2.7 to a. and the sequence of measures (|$ n | 2 d/x), 
and taking into account Theorem 4.4, we get in the indeterminate case 

l^Lim(6 n / n ) =>- Lim (|$ n | 2 rf/i) = {5 T : r G Lima n } =>- 
=>- Lima^ C supp(d/i). 

Therefore, Lima n ^ supp(d//) implies 1 G Lim (&„/„), so Lim6„ contains 
unimodular constant functions. In such a case, following the arguments in 
the proof of Theorem 5.4 we find that Lim {z)/<&* n (z)) A°(z) for z G O . 

Suppose now that b n f n does not converge to 1. Then, 1 ^ Lim,, (b n .f n .) 
for a subsequence. Theorem 2.7 applied to (« nj )j and {\^ nj \ 2 dji)j gives 
Lim., a nj C supp(rfyu), so Lima„ fl supp(d/i) 7^ 0. We conclude that the con- 
dition Lima„risupp((i/i) = implies b n f n =4 1, thus |fo n | — > 1, which, bearing 
in mind (38), ensures that Lim (z)) C <9Z\(» for z G O . □ 

Theorems 5.3, 5.4 and 5.5 can be equivalently formulated as statements 
about the limit points of (^/ <&* n ) or, alternatively, about the N-extremality 
of the limit measures of (d/i^). For instance: 

5.3. If ^2 \ln\ < 00, none of the limit measures of (d/i^) is N-extremal. 

5.4. If lim sup |7„| = 1, at least one limit measure of (d/i^) is N-extremal. 

5.5. If a has a limit point outside of supp(d/x), at least one limit measure 
of (dfj,^) is N-extremal. Furthermore, if all the limit points of a. are 
outside of supp(d/x), all the limit measures of (d/i^) are N-extremal. 

These results are enough to show the variety of possibilities for the conver- 
gence of (R n /S n ) in the indeterminate case. Besides, Theorem 5.5 is obtained 
as an application of Khrushchev's formula, showing its interest for the anal- 
ysis of problems related to the indeterminate case. Nevertheless, a complete 
study of the convergence of (R n /S n ) in the indeterminate case should address 
the following problems: 

1. A characterization of the cases where (R n / S n ) is convergent, together 
with the description of the corresponding limit. 
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2. A complete description of the subset of A fulfilled by Lim (R n /S n ). 

3. A characterization of the limit points of (R n /S n ). 
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